HOMOLOGY COMODULES

BY
ARUNAS LIULEVICIUS(*)

Let X be a topological space, H*(X) the cohomology of X with Z, coefficients,
A the Steenrod algebra [4] over Z,, then A acts on H*(X):

u: A @ H¥(X) - H*(X).
If we denote by A4, the graded dual of 4, H,(X) the homology of X over Z,, then

Byt Ho(X) = Ax @ Hy(X)

makes H,(X) into a comodule over A4,. Since 4, is much easier to handle than 4,
it is important to know p,. In this note we describe u, for X=BG and X= MG,
where G=0(n), U(n), Sp(n), O, U, Sp.

We remark that Van de Velde [5] determines the coaction for all primes p via an
elegant recursive formula involving divided powers. This note describes another
algorithm for obtaining the components of the coaction by means of an electronic
computer. The algorithm works only for p=2.

The paper is organized as follows: the first section describes the initial argument
by Van de Velde [5], the second section gives a few immediate results for the
coaction in H,(RP®), the third gives the computer results on p,(xs2), the fourth
points out the implications for the homology of classifying spaces and Thom
spaces.

1. Main formula. Let A4 be a graded connected biassociative Hopf algebra (in
the application it will be the mod 2 Steenrod algebra) over a field F. Let M be a
graded left Hopf algebra over A4 [2]: that is, M is a left 4-module with action

wAQM—>M,
and multiplication

mMOM-—>M,

such that the *“Cartan formula” is valid—the following diagram is commutative
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1®m
AQMOIM——ARQM

¢®1®%

AQAMAOM
1®f®% "

AQMQRPRAQRQM
#®#l

m
MIM———— M,

where ¢ is the coproduct of 4, = the twist map. If

dM->MQOM

is the coproduct of M, then the following diagrams are commutative

d®d
MIM——MOIMOAQMOIM
11®f®1
m MOIMIMRSOM
1m®m
d
M MM
1®d
AQM——mAQMOIM
yR®1Q®1
AQARIMSROSM
I 1®7®1
AQMRPRARQM
d
M >M Q@M

[November

We assume, furthermore, that M and A4 are finite dimensional over F in each

grading.

If we denote by N, the graded dual of N, then 4, becomes a Hopf algebra with
product ¢, M, becomes a Hopf algebra over 4, with coaction u., which satisfies:

© A®3Mm)opr =W @1 QD o(1 @7 Q1) o (s ® pa) o My
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Suppose M=F[u], a polynomial algebra over F on one generator u, degu
=s21, s even if char F#2. Then dw)=u ® 1+1 ® u, and M, =T, a divided
polynomial algebra [2] on a class # of degree s. If we denote by x; the class dual to
#' in M, ,, then the multiplication in M, is given by

i+j
XiX; = ( i )XH,‘,

and the coproduct by
Mmy(x,) = Z x; @ x;.

t+f=n

Let us define the elements ¥ in 4, by

pa(x,) = Z 7 ® x;.

We note that deg y{™=(n—i)s, y=1, y=0if i<0 or i>n.

PROPOSITION 1 (VAN DE VELDE). For each n and each pair of integers s, t such that
s+t=i, we have

(MF) o = Z Y@=,
Proof. Apply formula (C) to x,:
(I ® mpa(x,) = Z 7""(2 X ® X ;),
@ @1 QDI @ 7 @ Dlpe @ pa)my(x,)
=G @11 878D (34 @x)(3r o ox)

=D DY @ x, ® x..
a st

Comparing coefficients:
(n) — z (a) (n a)
which is the desired formula.

COROLLARY 2. If y{¥ and v are known for all n, then v can be determined
recursively by formula (MF).

2. Projective spaces. Let M= H*(RP®;Z,)=Z,[u],degu=1; let A be the
Steenrod algebra over Z,. The elements o; € A4t -, are defined by the equation [4]:

19“ = <ai’ 19‘)1121 fOI‘ 19 € A21-1'
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It is also known that for all a € 4,, au=0 unless g=2'—1, and al =0 for all dega
>0. Let x; be the dual of «'. The equations above imply:
yP =0 forn >0,
y = ifn # 24,
YW =q ifn=2.
According to Corollary 2, we can now determine all of the coefficients ¥{™ using
formula (MF). Several simplifications are possible:
Lemma 3. Foralln,r
YW=0 ifn#2,
— a;‘" ifn = 2+t
Proof. The lemma is known for r=0. Suppose r=1, let s=2""1, ¢t=27"1 in
formula (MF) and notice that all terms cancel out in pairs, except the term y$- 1y%- 1
if n=2k.
COROLLARY 4 (PERIODICITY). For all r20,i20, and n<27+1 -2,

n+2D _ , (n)
Yieor " = Y1 .

Proof. According to formula (MF)

(n+2n _ (n+27-a). (@
Yitor " = Z Y .
a

However, y=0, y§°=1, and y# =0 for 2"<a<2"*?; since n<2'*'-2",n+2’
<27+ thus a<27*?, and the formula reduces to

2N
I = ™.

Corollary 4 asserts that if we plot ¥{™ in a table with respect to n, i, then the re-
sulting table is triangular, has entries 1 along the line n=1i, and is periodic near the
diagonal with period 2 (the periodicity being a 2" x 2" matrix). The periodic blocks
B, for r< 4 are given in the first sequence of tables. To simplify the tables, we notice
that Corollary 4 implies that

B, = (B' 0 )’

C. B,
hence we will only give the matrices C,.

TaBLE L. C;
1

1

TasLE II. C;
1 2

0o 0
2

@ Q@i

ay

3
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TasLE III. C;
| 1 2 3 4
510 0 3 0
6|0 0 of+a; O
710 O 0 0
8| as of aga} af
TasLe IV. C,
1 2 3 4 5 6 7 8
910 O o 0 of 0 4 0
100 O (éal +a; 0 of a} o+ ap 0
11]0 0 0 0 0 0 af 0
120 0 of+asa? 0 apattas of+of of + aga? 0
13/]0 0 0 0 0 0 of+o 0
140 O 0 0 0 0 o] + agaf + oZay + a3 0
1510 O 0 0 0 0 0 0
16 | ay of az0d 3] agai oZof azaf + of + azaf of
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3. The coaction on x,,5. We recall that H,.(RP"’) is, as an algebra, an exterior
algebra on the elements x.r, for r=0, 1, 2,.... Since p, is a2 homomorphism of
algebras, to determine p.(x,) it is sufficient to know p,(x.r) for r entering in the
dyadic expansion of n. The computation of u,(x,) for n< 128 was carried out on the
IBM 7094. The results for n=32 are listed below. In the table below each line is
headed by j; after the colon ¥{*2 follows.

W AN h WN=O

ol el o et
N haWwWwN=OVv

: o,
T gad.
: o3ab.

: ayodal+ adai + agaf.

TABLE V. Coaction on x3;

: 0

Qs

. o2

agd.

4
4

o,

T aqad,
: odal.
! @03+ o+ agadal.
: afad.
: agol+ agad+ agal’,
: e} +af+ dal’.

t g0} + gz + azefad + afaf

+ 301 + adal + aza}’.

16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31.
32:

.Q

o3.

S8 8F 4

agal.

o3ef.

3ol + o + azaf.

of.

4. Classifying spaces and Thom spaces. Let O(n) be the orthogonal group in
dimension n and O=lim,_. O(). Then BO(1)=RP*, and O(1) - O induces
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BO(1)<> BO, which is a monomorphism in homology with Z, coefficients. Fur-
thermore, H,(BO; Z,) is a polynomial algebra [6], [3] on classes ;€ H(BO; Z,)
defined by

<ub w£1> = l, <ui9 m> = Oa

where m is any monomial in w; not equal to wi. Thus j,(x;) =1, hence we know the
coaction on u;.
The homology of BO(n) is a subcoalgebra of the homology of BO:

PROPOSITION 5. H,(BO(n)) is the vector subspace of Z,[x,, X, . . .1 with basis all
monomials having <n products of generators.

Proof. Immediate, using a counting argument.

ExamMpPLE. H,(BO(2)) is given in low dimensions by linear combinations of

0 1.

1 x,.

2 X% x,.

3 Xxoxy, X3.

4 X2, x3%,, X4

Let the Thom space MO(n) be the mapping cone of BO(n—1) — BO(n).

PROPOSITION 6. H,(MO(n)) is the vector subspace of Zy[x,, .. ., X, . ..] having
as a basis all monomials consisting of precisely n factors.

Proof. H,(MO(n)) is the quotient of H,(BO(n)) by H,(BO(n—1)). We notice
that H,(MO(n)) is actually a direct summand of H,(BO(n)) as an A,-comodule,

since ., preserves the number of products of generators occurring in a monomial.
This remark together with the proposition proves:

PROPOSITION 7.

A.(BO) =~ H(MO(n))

n=1
as A,-comodules.

PROPOSITION 8. The map in homology induced by
MO(@m) A MO(n) — MO(m+n)
is the restriction of the product in H,(BO).

Let MO be the spectrum {MO(n)}, where the maps S* A MO(n) - MO(n+1)
are given by

St A MO(n) - MO(1) A MO(n) -~ MO(n+1).
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In homology H,.(MO(n); Z,) &5 H,(MO(n+1); Z,) is given by
gn(@) = x;-a
The homology of MO with Z, coefficients is defined to be
H(MO) = inj lim H, . (MO(n)).

Thus H(MO)= H(BO) as vector spaces, though not as 4,-comodules. We also
note that the maps

MO(@m) A MO(n) - MO(m+n)
make H,(MO; Z,) into an algebra over A,.

PROPOSITION 9.
Hy(MO; Z,) = Z,[ay, ay, . . .],

and the coaction of A, on a, is obtained by considering p..(x,.,) and replacing x,,
by a,,_,. Furthermore, a, is represented by the element x}x, ,,, where m is large.

Proof. Immediate.
We list the coactions of the first few generators:

pa(l) =1 Q®1,

(@) = o @1+1 Qay,

palaz) = 1 ® a,,

px(@) = o2 @ 1+cf @ az+e; @ay+1 R a,,

pa(as) = & @ a;+1 @ ay,

pae(@s) = (e +a2) @ g+ @ as+1 Q as,

px(as) = 1 ®as

px(@r) = a3 @ 1+ @ a1t} @ ax+of @ az+a; ®ag+of @as
+o; ®as+1 @ a;.

We note that Proposition 9 corrects formula (3.27) in [3] (this was brought to our
attention in a letter by J. C. Su; the proof of the main theorem in [3] goes through
without change). )

The results for H,(BO) and H,(MO) immediately go over to results in H,(BU),
H.(MU), H,(BSp), H (MSp), for the maps

H(B0) L H,(BU) 5 H,(BSp),

h k
Hy(MO) —> Hy(MU) — H,(MSp),

and the kernels are well known:
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ProposITION 10.
(1) Ker f=ideal generated by x .., all i;
(2 H (BU)=Z;[y:, ys, - - -], deg yi=2i, and y,=f(xs));
(3) Ker g=ideal generated by y,,_,, all i;
H(BSp)=2,[z), 25, . - . ], deg z,=4i, and z,=g(yz).
4) Ifin (1), (), (3) we replace B by M, f by h, g by k, x, by a, y, by b, z, by c,,
then the statements remain true.
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